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Implicit Regularization is a 4-dimensional regularization initially conceived to treat ultraviolet di-
vergences. It has been successfully tested in several instances in the literature, more specifically in
those where Dimensional Regularization does not apply. In the present contribution we extend the
method to handle infrared divergences as well. We show that the essential steps which rendered
Implicit Regularization adequate in the case of ultraviolet divergences have their counterpart for
infrared ones. Moreover we show that a new scale appears, typically an infrared scale which is
completely independent of the ultraviolet one. Examples are given.
PACS numbers: 11.10.Gh, 11.15.Bt, 11.30.Qc
I. INTRODUCTION
The Implicit Regularization technique is a
scheme proposed in [1] with the main purpose to
provide for a clear separation between the diver-
gent content of physical amplitudes (regularization
dependent) and its finite physical content (regular-
ization independent).
Among the essential properties of this regular-
ization which allowed for its success [2–6] some are
worth stressing:
a) all calculations are performed in the dimension
specific to a given theory (in the present work we
deal with four dimensions), which opens the way
to solve problems beyond the scope of Dimensional
Regularization;
b) the technique we employ does not, in any step of
the calculation, modify the original integrand. Us-
ing a mathematical algebraic relation we are able
to separate divergent from finite parts in a clear
way;
c) in what regards massless theories or even mas-
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sive ones we are able to introduce an arbitrary
scale which has been shown to play the role of
a renormalization scale. Now a word about in-
frared divergences is in order. In cases when the
theory is infrared safe such divergences will ap-
pear in the pertubative calculation within Implicit
Regularization. We have shown in this case that
an infrared regulator can be used to manipulate
the integral and then an algebraic identity which
replaces this infrared regulator by an arbitrary
scale (the renormalization scale) restore the in-
frared safeness. In the case that genuine infrared
divergences appear, this process cannot be applied
and as we show in this contribution, an infrared
scale emerges which is independent and can be
completely distinguished from the ultraviolet one.
This result is an important technical step in the
direction of solving the NSVZ beta function prob-
lem [7–10];
d) and last, but not least, we discuss symmetry
preservation. As shown in [11] a diagrammatic
proof to all orders of the preservation of gauge sym-
metry in QED is possible if and only if shifts in the
integrations of internal loops are allowed. In sev-
eral instances involving non-abelian gauge theories
and supersymmetric ones we have also shown that
symmetries will be preserved if and only if surface
terms originated from shifts in perturbative inte-
grals are all set to zero [12, 13].
Of course Implicit Regularization is not the only
attempt throughout the years to construct a regu-
2larization which works in four dimensions. Given
the spectacular success of Dimensional Regulariza-
tion a natural extension has been tried: Dimen-
sional Reduction. This generalization is known to
work well at the one loop level. At two loops it has
also been tried [14] but its extension to higher loops
do not preserve supersymmetry automatically. A
successful theory in four dimensions has been con-
structed around the same time as Implicit Regular-
ization: Differential Regularization [15–22]. The
main difference is that the latter works in configu-
ration space while the former works directly in mo-
mentum space. Recently the equivalence of both at
one loop level was shown [23, 24]. Implicit Regular-
ization has been consistently extended to n-loops
in gauge theories [25] while Differential Regular-
ization has not yet.
The purpose of this paper is to show that in-
frared divergences as well as ultraviolet ones can
be treated in a symmetrical way, which gives us
further confidence in the method, in addition to
an elegant formulation for massless theories.
II. FORMAL ANALOGIES IN HANDLING
ULTRAVIOLET AND INFRARED
DIVERGENCES
The main ideia of Implicit Regularization is
based on the recursively use within Feynman in-
tegrals [34] of the algebraic identity
1
(pi − k)2 −m2
=
1
(k2 −m2)
−
p2i − 2pi · k
(k2 −m2)[(pi − k)2 −m2]
(1)
in order to isolate the divergent pieces as basic di-
vergent integrals (BDI) which are independent of
the external momenta pi and do not need to be
evaluated.
Let us look at the logarithmically ultraviolet di-
vergent integral:
I =
∫
d4k
(2π)4
1
(k2 −m2 + iǫ)((p− k)2 −m2 + iǫ)
,
(2)
where p stands for the external momentum and m
for the mass of the theory. In the following we drop
[34] We assume that the integrals are regularized - by an im-
plicit regularization - in such a way that formal manipu-
lations of the integrand are possible.
the iǫ in the propagators, but it is tacitly assumed
that they depend on them. Applying (1) once, we
obtain
I =
∫ Λ
k
1
(k2 −m2)2
−
∫ Λ
k
p2 − 2p · k
(k2 −m2)2[(p− k)2 −m2]
.
(3)
Hereafter the superscript Λ designates that the in-
tegral is regularized and
∫
k
≡
∫
d4k
(2pi)4 .
The first term on the right hand side is inde-
pendent of the physical momentum and belongs to
the class of BDI. This one is called Ilog(m
2) and
we leave it (and also the other BDI’s) in this in-
tegral form in order to avoid explicit contact with
specific regularizations. The second term is finite
and can be evaluated in usual ways.
Note that the mass m is still part of Ilog . If the
theory is massive, it may be left there and used
as a renormalization group scale. However if the
theory is massless, m has a completely different
meaning. It represents an infrared regulator which
has to be set to zero in the end of the calculation.
In this case it is mandatory to substitute the mass
in Ilog by an arbitrary scale λ which will play the
role of the renormalization scale. For this purpose
we make use of another mathematical identity:
Ilog(m
2) = Ilog(λ
2) + b ln
(
λ2
m2
)
, (4)
where b ≡ i(4pi)2 .
Inserting this relation in (3) we obtain
I = Ilog(λ
2)− b ln
(
−
p2
λ2
)
+ 2b, (5)
in terms of the arbitrary parameter λ. An im-
portant observation should be made at this point.
The structure of the finite parts of (3) involves log-
arithms, precisely what one needs to cancel the in-
frared regulator in favor of λ.
Now let us proceed with an integral which illus-
trates the appearance of an infrared BDI in Im-
plicit Regularization:
U =
∫
d4k
(2π)4
1
k4(p− k)2
. (6)
By power counting U is infrared divergent and
ultraviolet finite. In order to be able to use all
the mathematics developed for ultraviolet diver-
3gent integrals we firstly note the following:
1
(k2 + iǫ)2
=
−
∫ Λ
d4u eiku
∫ Λ d4z
(2π)4
1
(z2 − iǫ)((z − u)2 − iǫ)
,
(7)
where z and u are configuration variables, and use
was made of the Fourier transforms from momen-
tum to configuration space (appendix C). The ex-
plicit iǫ dependence in configuration space will also
be omitted in the following.
Note the striking similarity between the above
integral in z and equation (2). We can thus write
the result immediately (the opposite sign as com-
pared to (5) is due to the iǫ prescriptions in con-
figuration and momentum space)
I(u2) = lim
µ→0
∫ Λ
z
1
(z2 − µ2)((z − u)2 − µ2)
= −(I˜log(λ˜
−2)− b ln
(
−u2λ˜2
)
+ 2b).(8)
But now I˜log(λ˜
−2) is an infrared BDI and (4) has
been used in order to eliminate µ2 in favor of the
infrared scale λ˜.
Using this result and (7) in (6) we have
U = −
∫ Λ
k
1
(p− k)2
∫ Λ
d4u eikuI(u2)
= −
i
(4π)2
∫ Λ
k
∫ Λ
d4u
∫ Λ
d4x
ei(p−k)x
x2
eikuI(u2)
=
i
(4π)2
∫ Λ
d4u
e−ipu
u2
(
I˜log(λ˜
−2)
−b ln
(
−u2λ˜2
)
+ 2b
)
=
1
p2
(
I˜log(λ˜
−2) + b ln
(
−
p2
¯˜
λ2
)
+ 2b
)
. (9)
Here and henceforth the barred and the corre-
sponding unbarred variables are related as defined
in appendix C.
Before closing this paragraph we emphasize that
the extraction and classification of all infrared BDI
follows the same strategy, of Fourier transforming
the integrals, solving them in configuration space,
and transforming the solution back to momentum
space. As already remarked in [10], introducing
the infrared scale in the Fourier transformed space
has the convenient property of rendering this scale
apriori independent from the ultraviolet scale.
III. INFRARED AND ULTRAVIOLET
DIVERGENT INTEGRALS: SCALE
SEPARATION
Consider as a second example the following inte-
gral that is both ultraviolet and infrared divergent
G(
¯˜
λ, λ) =
∫
k
1
k4
ln
(
−k2
¯˜
λ2
)
ln2
(
−
k2
λ2
)
. (10)
Multiplying and dividing by (p − k)2 allows us to
separate infrared and ultraviolet divergences,
G(
¯˜
λ, λ) = Guv + p
2Gir − 2p
µGµ,finite (11)
where
Guv =
∫ Λ
k
1
k2(p− k)2
ln
(
−k2
¯˜
λ2
)
ln2
(
−k2
λ2
)
,
(12)
Gir =
∫ Λ
k
1
k4(p− k)2
ln
(
−k2
¯˜λ2
)
ln2
(
−
k2
λ2
)
(13)
and
Gµ,finite =
∫ Λ
k
kµ
k4(p− k)2
ln
(
−k2
¯˜
λ2
)
ln2
(
−k2
λ2
)
.
(14)
With Implicit Regularization rules it was shown in
[26] (see also [27]) that∫ Λ
k
1
k2(p− k)2
lnn
(
−
k2
λ2
)
=
I
(n+1)
log (λ
2) + b
{
n!−
n+1∑
i=0
(−1)n−i+1
n!
i!
×
lni
(
−p2
λ2
)}
, (15)
with λ being an ultraviolet scale and I
(n+1)
log (λ
2) ≡∫ Λ
k
1
(k2−λ2)2 ln
n
(
−k2
λ2
)
. Using this we easily evalu-
ate
Guv = ln
(
λ2
¯˜λ2
){
I
(3)
log(λ
2) + b
[
4− 2 ln
(
−p2
λ2
)
+
ln2
(
−p2
λ2
)
−
1
3
ln3
(
−p2
λ2
)]}
+I
(4)
log(λ
2) + b
[
6 ln
(
−p2
λ2
)
− 3 ln2
(
−p2
λ2
)
+
ln3
(
−p2
λ2
)
−
1
4
ln4
(
−p2
λ2
)]
. (16)
4In order to evaluate Gir we write it as
Gir = ln
2
(
λ2
¯˜
λ2
)∫ Λ
k
1
k4(p− k)2
ln
(
−k2
¯˜
λ2
)
−
2 ln
(
λ2
¯˜
λ2
)∫ Λ
k
1
k4(p− k)2
ln2
(
−k2
¯˜
λ2
)
+
∫ Λ
k
1
k4(p− k)2
ln3
(
−k2
¯˜
λ2
)
, (17)
composed of three terms with integrals in k which
for definiteness we name G1, G2 and G3. The in-
tegral
G1(p) =
∫ Λ
k
1
k4(p− k)2
ln
(
−k2
¯˜
λ2
)
(18)
can be rewritten with the aid of the Fourier trans-
forms in appendix C as:
G1(p) =
i
(4π2)3
∫ Λ
d4x
eipx
x2
∫ Λ
d4z
ln(−z2λ˜2)
z2(z + x)2
.
(19)
The integral in z is divergent at large distances (in-
frared) and finite at short distances. This integral
is well known from two loop Feynman diagram cal-
culations and was evaluated in momentum space
[25]. Here we just display the result translated to
configuration space
−(2π)4
[
I˜
(2)
log(λ˜
−2) + b ln
(
−x2λ˜2
)
−
b
2
ln2
(
−x2λ˜2
)]
where I˜
(2)
log(λ˜
−2) ≡
∫ Λ d4z
(2pi)4
1
(z2−λ˜−2)2
ln
(
−z2λ˜2
)
is
another infrared logarithmic BDI. Therefore inte-
grating over x leads to
G1(p) = −
1
p2
I˜
(2)
log(λ˜
−2) +
b
p2
{
1
2
ln2
(
−p2
¯˜
λ2
)
+ ln
(
−p2
¯˜λ2
)}
, (20)
Similarly the Fourier tramsform of
G2(p) =
∫ Λ
k
1
k4(p− k)2
ln2
(
−k2
¯˜
λ2
)
(21)
reads
G˜2(x) =
i
(4π2)x2
{
I˜
(3)
log(λ˜
−2) + b
[
4− 2 ln
(
−x2λ˜2
)
+ ln2
(
−x2λ˜2
)
−
1
3
ln3
(
−x2λ˜2
)]}
,
so
G2(p) =
1
p2
I˜
(3)
log(λ˜
−2) +
b
p2
{
4 + 2 ln
(
−p2
¯˜λ2
)
+ ln2
(
−p2
¯˜λ2
)
+
1
3
[
ln3
(
−p2
¯˜λ2
)
+ 4ζ(3)
]}
.
(22)
Finally the Fourier transform of
G3(p) =
∫ Λ
k
1
k4(p− k)2
ln3
(
−k2
¯˜λ2
)
(23)
is
G˜3(x) = −
i
(4π2)x2
{
I˜
(4)
log(λ˜
−2) + b
[
6 ln
(
−x2λ˜2
)
−3 ln2
(
−x2λ˜2
)
+ ln3
(
−x2λ˜2
)
−
1
4
ln4
(
−x2λ˜2
)]}
−
i4ζ(3)
(4π2)x2
{
I˜log(λ˜
−2)− b ln
(
−x2λ˜2
)
+ 2b
}
(24)
which back to momentum space yields
G3(p) =
1
p2
[
−I˜
(4)
log(λ˜
−2)− I˜log(λ˜
−2)ζ(3)
]
+
b
p2
{
− 4ζ(3) + 6 ln
(
−p2
¯˜
λ2
)
+3 ln2
(
−p2
¯˜
λ2
)
+ ln3
(
−p2
¯˜
λ2
)
+
1
4
ln4
(
−p2
¯˜
λ2
)}
.
(25)
Hence
Gir = ln
2
(
λ2
¯˜λ2
)
G1 − 2 ln
(
λ2
¯˜λ2
)
G2 +G3. (26)
To evaluate Gµ,finite we need the following in-
tegrals which are straightforward to compute [25]∫
k
kµ
k4(p− k)2
lnn
(
−k2
λ2
)
=
b
pµ
p2
n∑
j=0,
P (j)=P (n)
n!
j!
lnj
(
−p2
λ2
)
, (27)
where the expression P (j) = P (n) means j with
the same parity of n. Then
Gµ,finite = ln
(
λ2
¯˜
λ2
)∫ Λ
k
kµ
k4(p− k)2
ln2
(
−k2
λ2
)
+
∫ Λ
k
kµ
k4(p− k)2
ln3
(
−k2
λ2
)
(28)
5is evaluated to be
Gµ,finite = b
pµ
p2
{
ln
(
λ2
¯˜
λ2
)[
2 + ln2
(
−p2
λ2
)]
+ 6 ln
(
−p2
λ2
)
+ ln3
(
−p2
λ2
)}
. (29)
Therefore collecting just the finite parts we have
G(
¯˜
λ, λ) = Guv + p
2Gir − 2p
µGµ,finite
= −b
{
4ζ(3) + 2
[
1 +
4
3
ζ(3)
]
ln
(
λ2
¯˜λ2
)
+ ln2
(
λ2
¯˜
λ2
)
−
1
12
ln4
(
λ2
¯˜
λ2
)}
. (30)
IV. CONSISTENCY IN THE
EVALUATION OF FINITE INTEGRALS
WITH INFRARED AND ULTRAVIOLET
DIVERGENCES IN INTERMEDIATE
STEPS
As a third example, let us consider the two loops
massless master diagram in four dimensions J(p):
J(p) =
∫
k
∫
l
1
k2l2 (k − p)2 (k − l)2 (l − p)2
. (31)
J(p) is finite and can be evaluated for instance
using the Gegenbauer technique [28]. In appendix
A it is shown within Implicit Regulazation that
∫ Λ
k,l
∂
∂kµ
{
(k − l)µ
k2l2 (k − p)
2
(k − l)
2
(l− p)
2
}
= 0
(32)
which implies that
∫ Λ
k,l
1
l4 (k − p)
2
(k − l)
2
(l− p)
2 =∫ Λ
k,l
1
k2l4 (k − p)
2
(l − p)
2 . (33)
It is not difficult to show that, for α an arbitrary
positive constant,
∫ Λ
k,l
∂µ
{
(k − l)µ ln(−l
2/α2)
k2l2 (k − p)
2
(k − l)
2
(l − p)
2
}
= 0,
(34)
in Implicit Regularization with an additional log-
arithm [35], which in turn implies that
J(p) =
∫ Λ
k
1
k2(k − p)2
∫ Λ
l
1
(l − p)
2
l4
ln
(
−l2
α2
)
+
∫ Λ
k
1
k2(k − p)2
∫ Λ
l
1
l2 (l − p)
4 ln
(
−l2
α2
)
−
∫ Λ
k,l
1
k2l2 (k − l)
2
(l − p)
4 ln
(
−l2
α2
)
−
∫ Λ
k,l
1
(k − p)2 (k − l)2 (l − p)2 l4
ln
(
−l2
α2
)
≡ J1(p) + J2(p)− J3(p)− J4(p). (35)
Since J(p) is finite, the divergences must cancel
each other. This is demonstrated in appendix B
showing the consistency of the method. So in the
results below we will consider just the finite pieces
of the integrals.
We start by evaluating
J1(p) =
∫ Λ
k
1
k2(k − p)2
∫ Λ
l
1
(l − p)2l4
ln
(
−l2
α2
)
.
(36)
The integral in l, let us call it I1(p), is infrared
divergent,
I1(p) =
∫ Λ
l
1
(l − p)2l4
ln
(
−l2
α2
¯˜λ2
¯˜λ2
)
.
The infrared scale ¯˜λ2 was introduced inside the log-
arithm to simplify the calculation separating I1(p)
into two pieces:
I1(p) = ln
(
¯˜
λ2
α2
)∫ Λ
l
1
(l − p)2l4
+
∫ Λ
l
1
(l − p)2l4
ln
(
−l2
¯˜
λ2
)
. (37)
Both integrals have been already calculated, the
first is proportional to U , eq. 9, the second is
G1(p), 20.
Finally putting the ultraviolet result (5) together
[35] This identity is argued in [29] to be a four dimensional
version of the integration by parts method described in
[30, 31].
6with I1(p) we get
J1(p) =
b2
p2
[
4 ln
(
¯˜λ2
α2
)
+ 2 ln
(
¯˜λ2
α2
)
ln
(
λ2
¯˜λ2
)
+ ln
(
λ2
¯˜
λ2
)
ln
(
−p2
¯˜
λ2
)
−
1
2
ln
(
−p2
λ2
)
ln2
(
−p2
¯˜
λ2
)
+2 ln
(
−p2
¯˜
λ2
)
− ln
(
−p2
λ2
)
ln
(
¯˜λ2
α2
)
ln
(
−p2
¯˜
λ2
)]
.
(38)
The other three integrals J2(p), J3(p) and J4(p)
are evaluated in a similar fashion [36]. We only
quote the results:
J2(p) =
b2
p2
[
2 ln
(
λ2
¯˜
λ2
)
ln
(
−p2
α2
)
+ 4 ln
(
−p2
α2
)
− ln
(
−p2
λ2
)
ln
(
−p2
α2
)
ln
(
−p2
¯˜λ2
)]
, (39)
J3(p) =
b2
p2
[
2 ln
(
λ2
¯˜
λ2
)
ln
(
−p2
α2
)
+ 4 ln
(
−p2
α2
)
− ln
(
−p2
λ2
)
ln
(
−p2
α2
)
ln
(
−p2
¯˜
λ2
)
− 4ζ(3)
]
, (40)
J4(p) =
b2
p2
[
4 ln
(
¯˜
λ2
α2
)
+ 2 ln
(
¯˜
λ2
α2
)
ln
(
λ2
¯˜
λ2
)
+ ln
(
λ2
¯˜λ2
)
ln
(
−p2
¯˜λ2
)
−
1
2
ln
(
−p2
λ2
)
ln2
(
−p2
¯˜λ2
)
+2 ln
(
−p2
¯˜
λ2
)
− ln
(
−p2
λ2
)
ln
(
¯˜
λ2
α2
)
ln
(
−p2
¯˜
λ2
)
−2ζ(3)] . (41)
Finally J1(p) + J2(p) − J3(p) − J4(p) = J(p)
leading to the result
J(p) = −
6ζ(3)
(4π)4p2
, (42)
in agreement with the literature [28], [29].
It is important to say that the operations R
and R˜ that subtract ultraviolet and infrared di-
vergences respectively [30, 31] could be defined as
[36] The J4(p) calculation is easier if we first take a Fourier
transform, evaluate J4(x) and then take the backward
Fourier transform. The same thing can be done with
J1(p), J2(p) and J3(p).
is done in other regularization schemes and could
be used in the two examples above. However it
is straightforward to see what these operations do
within Implicit Regularization. They just remove
the ultraviolet and infrared BDI’s.
V. CONCLUDING REMARKS
In the present contribution we have shown how
the important steps which led to the construction
of Implicit Regularization, initially used only in
ultraviolet divergent integrals, can be adapted to
handle infrared divergent integrals with the same
degree of consistency. We have shown that an in-
frared scale appears which is completely indepen-
dent of the ultraviolet one. Moreover we show the
consistency of the procedure for integrals involv-
ing both divergences, in several testing non trivial
examples. The results presented here, albeit being
formal, are essential to answer several open ques-
tions in the literature. A crucial step in this direc-
tion is that Implicit Regularization allows to trace
the infrared or ultraviolet origin of a basic loga-
rithmic divergence and to associate to each kind of
divergence independent scale relations. The inde-
pendence of these scales is an important technical
issue, the lack of which has prevented finding so-
lutions to several important problems such as the
NSVZ beta function. This work provides for an ad-
equate framework within which this problem may
be handled.
VI. APPENDIX A - VERIFICATION OF
(32)
Differentiating (32) we have:
A =
∂
∂kµ
(
(k − l)µ
D
)
=
1
D
(
2 +
l2
k2
+
(p− l)2
(p− k)2
−
(k − l)2
k2
−
(k − l)2
(p− k)2
)
, (43)
with
D = k2l2(k − l)2(p− k)2(p− l)2.
Shifting the variables we get
A =
∫ Λ
k,l
1
k4(p− k)2l2(p− l)2
−
∫ Λ
k,l
1
k2(p− k)4l2(l − k)2
(44)
7Using (5)
A =
(
Ilog(λ
2) + 2b
) ∫ Λ
k
1
k4(p− k)2
−b ln
(
−p2
λ2
)∫ Λ
k
1
k4(p− k)2
−
(
Ilog(λ
2) + 2b
) ∫ Λ
k
1
k2(p− k)4
+b
∫ Λ
k
1
k2(p− k)4
ln
(
−k2
λ2
)
(45)
The last integral is evaluated using the proce-
dure described in the main text and yields
1
p2
[
I˜log(λ˜
−2) ln
(
−p2
λ2
)
+ 2b ln
(
−p2
λ2
)
+b ln
(
−p2
λ2
)
ln
(
−p2
¯˜λ2
)]
(46)
Upon insertion of (9) all terms cancel and A = 0.
VII. APPENDIX B - CANCELATION OF
DIVERGENT PIECES
Here we collect the divergent pieces of J1(p),
J2(p), J3(p) and J4(p). Putting together the re-
sults (5), (9) and (20) we have:
J1(p) =
1
p2
[
Ilog(λ
2)− b ln
(
−p2
λ2
)
+ 2b
]
×[
−I˜
(2)
log(λ˜
−2) + b ln
(
−p2
¯˜
λ2
)
+
b
2
ln2
(
−p2
¯˜
λ2
)
+
ln
(
¯˜
λ2
α2
)(
I˜log(λ˜
−2) + b ln
(
−p2
¯˜
λ2
)
+ 2b
)]
(47)
So
Jdiv1 (p) =
1
p2
{
Ilog(λ
2)
[
−I˜
(2)
log(λ˜
−2) + b ln
(
−p2
¯˜
λ2
)
+
b
2
ln2
(
−p2
¯˜
λ2
)
+ ln
(
¯˜λ2
α2
)(
I˜log(λ˜
−2)
+b ln
(
−p2
¯˜λ2
)
+ 2b
)]
+
(
I˜log(λ˜
−2) ln
(
¯˜λ2
α2
)
−I˜
(2)
log(λ˜
−2)
)(
2b− b ln
(
−p2
λ2
))}
(48)
The other divergent pieces are
Jdiv2 (p) =
1
p2
{
Ilog(λ
2)
[
I˜log(λ˜
−2) ln
(
−p2
α2
)
+2b ln
(
−p2
α2
)
+ b ln
(
−p2
α2
)
ln
(
−p2
¯˜λ2
)]
+I˜log(λ˜
−2) ln
(
−p2
α2
)(
2b− b ln
(
−p2
λ2
))}
(49)
Jdiv3 (p) =
1
p2
{
Ilog(λ
2)
[
I˜log(λ˜
−2) ln
(
−p2
α2
)
+2b ln
(
−p2
α2
)
+ b ln
(
−p2
α2
)
ln
(
−p2
¯˜λ2
)]
+I˜log(λ˜
−2) ln
(
−p2
α2
)(
2b− b ln
(
α2
λ2
))
−I˜log(λ˜
−2) ln2
(
−p2
α2
)}
(50)
Jdiv4 (p) =
1
p2
{
Ilog(λ
2)
(
−I˜
(2)
log(λ˜
−2)
+
b
2
ln2
(
−p2
¯˜
λ2
)
+ b ln
(
−p2
¯˜
λ2
)
+ ln
(
¯˜λ2
α2
)
I˜log(λ˜
−2)
+b ln
(
¯˜
λ2
α2
)
ln
(
−p2
¯˜λ2
)
+ 2b ln
(
¯˜
λ2
α2
))
+I˜
(2)
log(λ˜
−2)
(
−1 + ln
(
¯˜
λ2
α2
))(
2b− b ln
(
−p2
λ2
))}
(51)
Using these results in Jdiv(p) = Jdiv1 (p) +
Jdiv2 (p) − J
div
3 (p) − J
div
4 (p) it is easy to see the
cancellation of the divergent pieces.
VIII. APPENDIX C - FOURIER
TRANSFORMS
The Fourier transform of any power of logarith-
mic functions [15] can be obtained through the
Fourier transform of power functions. Our results
are given in Minkowski space, for which we use
[32]:
∫
d4x eipx
1
x2
(−B2x2)a = −i
4π2
p2
(
−4B2
p2
)a
Γ(1 + a)
Γ(1− a)
,
(52)
8with B arbitrary. Employing the relation [33]
Γ(1 + a)
Γ(1− a)
= e−2γaexp
[
2
∞∑
n=1
ζ(2n+ 1)
2n+ 1
a2n+1
]
,
(53)
where γ = 0, 5772... is the Euler-Mascheroni con-
stant and ζ is the zeta Riemann function, and ex-
panding (−B2x2)a as a power series
(−B2x2)a =
∞∑
n=0
an
n!
lnn
(
−x2B2
)
(54)
one can compare both sides of (52). After some
algebra one gets
∞∑
n=0
an
n!
∫
d4x eipx
1
x2
lnn
(
−x2B2
)
= −i
4π2
p2
×
exp
[
−a ln
(
−
p2e2γ
4B2
)
− 2
∞∑
n=1
ζ(2n+ 1)
2n+ 1
a2n+1
]
.
(55)
Expanding the exponential in power series and
equating the coefficients of equal powers of a one
obtains ∫
d4x
eipx
x2
= −i
4π2
p2
. (56)
∫
d4x
eipx
x2
ln(−x2B2) = i
4π2
p2
ln
(
−p2
B¯2
)
. (57)
∫
d4x
eipx
x2
ln2(−x2B2) = −i
4π2
p2
ln2
(
−p2
B¯2
)
.
(58)
∫
d4x
eipx
x2
ln3(−x2B2) = i
4π2
p2
(
ln3
(
−p2
B¯2
)
+4ζ(3)
)
.
(59)
∫
d4x
eipx
x2
ln4(−x2B2) = −i
4π2
p2
(
ln4
(
−p2
B¯2
)
+ 16ζ(3) ln
(
−p2
B¯2
))
.
(60)
with B¯2 ≡ 4
e2γ
B2.
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